An extension of the Goldberg-Sachs theorem for the case of a complex V. is given with a simple proof. The interpretation of the theorem, however, no longer applies the concept of the geodesic and shearless congruence of null directions; instead, the existence of a geodesic 2-surface (complex), the tangent vectorial space to which (i) contains only null vectors, (ii) is parallelly propagated along the surface, is now essential.
INTRODUCTION
This paper follows Ref. 1 where the formalism of the null tetrad (essentially in the same version as that used in Ref.
2), together with its equivalent spinorial form, was adopted for the purposes of complex Riemannian geometry in four dimensions. Thus, we follow here the notation and terminology of Ref. 1. In particular, with q = SL(2, (1;) x S1:(2, (1;) being the tetradial gauge group, the objects which are scalars with respect to the second factor in q (i. e., can possess undotted spinorial indices only) will be occasionally called "heavenly"; while, correspondingly, the objects which are scalars with respect to the first factor in q (i. e. , can be endowed with dotted spinorial indices only) will be called "hellish. "
The fundamental "undotted" objects are SAB (the base of self-dual 2-forms), r AB (the connection I-forms r 42 , r 12 + r 34 , r 3t ), and C ABCD (the spino rial image of the conformal curvature-in the notation of Ref. 2 these are equivalent to the cIa), r!.= 1, . 0 0 ,5). The corresponding "dotted" objects are: SAB (the base of anti-self-dual 2-forms),_rAA (the connection I-forms r 41 , -r 12 +r 34 , r 32 ), and C AAeD (in the notation of Ref. 2 these are equivalent to the cIa), a= 1, ... ,5). In distinction to the case of a real V 4 of signature (+ + + -), in a general complex V 4 the fundamental "dotted" objects are not complex conjugates of the corresponding "undotted" objects and, thus, possess an "independent existence" and transformation propertieso In particular, it follows-as was noticed in Ref. 1. -that the generalized PetrovPenrose algebraic classification of the conformal curvature of a complex V 4 is just the cartesian product of two Penrose diagrams 3 which correspond to the spinorial structures of the independent objects C ABCD and C ABeD' Now, it is well known in the theory of real V/s of the signature (+ + + -) that there exists an interesting relationship between the algebraic degeneration of the conformal curvature and the existence of a geodesic and shearless congruence of (real) null directions. This relationship, known under the name of the GoldbergSachs theorem, 4 was found to play an instrumental role in most of the successful developments in the theory of exact solutions recorded in the last decade.
The objective of the present article is to extend the 3-4 and C (3 )_+C l3 ).
4-3
c<2l -_ C (4) C ( Multiplying the first two of these relations by four, and adding to the last we obtain 5Cl4l = left-hand member of (2.9)] = 0, (2.11) which contradicts our silent assumption that C (4) Lemma B5: Suppose now that (2.14)
Then, from the special Bianchi identities, R = const = -4A; i. e., although we assume that the Ricci tensor with extracted trace is vanishing, the cosmological constant may be present. With (2. 14) assumed, we can work out from (2.2) that, as the consequence of the Bianchi identities, This established, we immediately infer that if only one of the three quantities C(3), C (2 ), and C ( 1) is different from zero, then necessarily (2. 16) il, along with Cab = 0, we also have cla) = 0 and A = 0, then, in the terminology of Ref. 1, V 4 represents a "strong hell" where, by using the freedom of SL(2, ([:) gauge, we can so select the tetrad that r AB = 0 and, in particular, r 42 = 0, so that, consequently, (2. 16) applies a jorteriori.
Therefore, we can now state our Lemma B in the form of an implication: 17) understanding, in the subcase cIa) == 0 and A = 0, the arrow as the possibility of such a choice for the null tetrad that the thesis applieso 6
Taking now the intersection of our Lemmas A and B, we derive the Goldberg-Sachs theorem as extended on the complex Riemannian space:
Theorem: The existence of a choice for the null tetrad such that r 424 == 0 == r 422 is the necessary and sufficient condition for the complex V 4 , which fulfills the (complex) Einstein empty space equations Gab == 0, to have the "undotted" spino rial image of the conformal curvature tensor algebraically degenerate, with C(5) == 0== C(4), and with e 3 defining some (at least) double DebeverPenrose null direction. 7 Now, an important comment must be made: Our complex extension of the Goldberg-Sachs theorem involves Ricci rotation coefficients r 424 and r 422' but does not concern r 414 and r 411 , which remain in general independent.
In the case when we take a real cross section of the V 4 under study of the signature (+ + + -), by postulating additionally (e 2 )* == e 1 , we have then (r 424 == 0 = r 422) -(r 414 == 0 = r 411) and, as is well known, conditions r 424 = 0 = r 411 have the interpretation of securing that the discussed geodesic congruence has vanishing shear. Thus, in that case, the theorem from the present article reduces to the standard version of the GS theorem for the real geometry: The existence of a geodesic and shearfree congruence of null directions is the necessary and sufficient condition for the conformal curvature of V 4 to be degenerate, when Gab = 'JI.g ab is assumed.
But geodesic directions in the sense of Ref. 1 are "terestrial" objects: if tv vI' = 'JI.vlJ. is maintained as the definition of a geodesic vector in the complex geometry, then, with null e 3 = vI' dx'" selected as one of the members of the null tetrad, the conditions that this direction is a geodesic, r424=0:=T414' involve both the "heavenly" and "hellish" connections. On the other hand, it is obvious that our complex GS theorem (with the assumption of Cab = 0) involves only the "undotted" The same remark applies with respect to our Lemmas A and B: They clearly possess two "undotted" and two "dotted" versions.
These comments suggest that, while looking for the geometric interpretation of the conditions r 424 = 0 = r 422 (with r 414 and rUt left as independent quantities!), it is advisable to consider geometric obj ects which, from the pOint of view of the tetradial gauge group, are "heavenly." A natural candidate of this type is the 2-form of the area element of a 2-surface, endowed with the self-duality property. This is the basic idea which has lead to the considerations of the subsequent section.
NULL GEODESIC SURFACES
A 2-form which represents an element of area of a This, of course, again holds if (3.6) is fulfilled.
Summing up, we find that the conditions r 424 = 0 = r 422 are necessary and sufficient for the two null congruences e 3 and e 1 to be interpreted as spanning the tangent space T to a family of (integrable) 2-surfaces, in such a manner that T is parallelly propagated along all these surfaces. Of course, each vector u c T is null, (u, u) 
Comparing this with the situation to which we are accustomed when working with null geodesics, we immediately see that a perfect analogy applies: In both cases, the two-and, respectively, one-dimensional varieties possess null tangent spaces which are parallelly propagated along the variety. Therefore, the 2-surfaces with the element of area e 3 /\ e 1 , whose existence is assured if r 424 = 0 = r 422 , generalize the concept of null geodeSic on the level of the two-dimensional varieties. We will call them null geodesic surfaces.
It should be observed, however, that one-dimensional geodesics exhibit the additional property of being an extremal variety. Thus, it remains to examine whether the corresponding generalization also applies in the two-dimensional case. Now, the idea of a two-dimensional variety which generalizes the one-dimensional extremal (geodesic) is well known in differential geometry and amounts to an abstract treatment of the 2-surface, bounded by a given curve, which has minimal area, L e., of the two-dimensional membrane. Extremal surfaces were already studied by Bompiani 9 as early as 1919; Rayski lO proposed to apply three-dimensional spacelike surfaces of extremal volume as a possibly useful tool in general relativity. Although the geodesic null surfaces generated by e 3 /\ e 1 (when r 424 = 0 = r 422 is assumed) possess a tangent space which is parallelly propagated along these surfaces, we cannot directly apply the construction outlined above claiming that the geodesic null surfaces are extremal. This is so because in the present case a ii = 0 -a = 0 (e l and e 3 are null and orthogonal) so that V= 0, while (a ii ) does not exist and the Euler-Lagrange equations in the form (3 0 16) lose senseo [It can be observed that essentially the same difficulty is already encountered in the case of the standard one-dimensional geodesic: The action j(g".v dx"" dxV)1/2 = 0 cannot be directly used in order to deduce the equations of null geodesic. 1
However, quite generally, if in (3.14) aii = 0, and V from (3.15) cannot be used as the action functional, we can conveniently use as the action It follows that the action (3.19) yields the geodesic null surface as an extremal variety. The last argument was included in order to exemplify the fact that geodesic null surfaces are extremal varieties, derivable from an action principle: Of course, similarly to the case of one-dimensional null geodeSics, there exist many different variational principles which lead to the same geodesic null surfaces.
CONCLUSIONS
The union of results of Sec. 3 and 4 permits us to give the following formulation of the Goldberg-Sachs theorem as extended to the case of the complex V 4 : Theorem: The undotted or dotted components of the spinorial image of the conformal curvature in empty complex V 4 (i. e., G,.,,:: 0) is algebraically degenerate if and only if there exists a (complex) congruence of geodesic null surfaces with parallelly propagated tangent space which contains the degenerate (generalized) DP vector.
The result stated above exhibits the important role of the (extremal) two-dimensional null varieties in the geometry of complex V 4 • Therefore, one can say that, in a sense, "analytic continuation" of general relativity leads to the concept of the (complex) null "string" '" null geodesic surface; this concept appears in a natural fashion in the "complex anatomy" of the GS theorem. Whether the complex null strings may be useful for more mundane purposes-in particular, whether they can serve as mathematical models of some physical objects-remains an open question.
